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Introduction

T HE turbulent jet noise problem still remains one of the most
complicated and dif� cult problems in aeroacoustics. There is

a substantial need for improved jet noise prediction methodologies
and design processes for aircraft engines with low jet noise emis-
sions. With the recent improvements in the processing speed of
computers, the application of direct numerical simulation (DNS)1

and large eddy simulation (LES)2¡6 to jet noise predictionmethod-
ologies is becoming more feasible. However, due to the wide range
of length scales and timescales present in turbulent � ows, DNS is
still restricted to low-Reynolds-number � ows in relatively simple
geometries. LES, with lower computational cost, is an attractive
alternative to DNS. Because noise generation is an inherently un-
steady process,LES will probablybe the only way, other than DNS,
to obtain the necessary time-accurate unsteady data at an afford-
able cost in the foreseeable future. In general, the LES results for
turbulent jets in the literature to date are encouraging and show the
potential promise of LES application to jet noise prediction.

In an LES, the � ow� eld is decomposed into a large-scale or
resolved-scalecomponent Nf anda small-scaleor subgrid-scalecom-
ponent f 0, i.e., f D Nf C f 0. The large-scale component is obtained
by � ltering the entire domain using a grid � lter function G with
� lter width 1 as follows:

Nf .x/ D
Z

V

G.x; x0; 1/ f .x0/ dx0 (1)

The � ltering operation removes the small-scale or the subgrid-scale
turbulencefrom the Navier–Stokes equations.The resultinggovern-
ing equations are then solved directly for the large-scale turbulent
motions while the effect of the subgrid scales is computed using a
subgrid-scale model, such as the classical Smagorinsky model7 or
the more sophisticateddynamic model proposedby Germano et al.8

The Smagorinsky model is the most widely used subgrid-scale
model due to its simplicity. It requires only a model coef� cient to
be speci� ed a priori to the simulation. In this study, we will discuss
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the model’s sensitivity by applying it to the LES of turbulent jets
and analyzing the results of two simulations obtained with slightly
direrent values of the model constant. The Smagorinsky model is
known to be sensitive to values of the model constant;however, our
simulations show explicitly how strongly the mean � ow properties
of the jets are sensitive to the value of the model constant. More
detailed results can be found in Ref. 5.

Governing Equations
The governingequationsfor LES are obtained by applyinga spa-

tial � lter to the Navier–Stokes equations in order to remove the
small scales. The effect of the subgrid scales is computed using the
classical Smagorinsky subgrid-scalemodel7 togetherwith the com-
pressibilitycorrection formulated by Erlebacher et al.9 Because we
are dealing with compressible jet � ows, the Favre-� ltered unsteady,
compressible,nondimensionalizedNavier–Stokes equationsformu-
lated in curvilinear coordinates10 are solved in this study using the
numerical methods described in the next section.

In our implementation,the subgrid-scalestress tensor is modeled
as follows:
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C , C I are the model coef� cients, and 1 is the � lter width or the
eddy viscosity length scale.

Numerical Methods
We � rst transforma given nonuniformlyspaced curvilinear com-

putational grid in physical space to a uniform grid in computational
space and solve the discretized governing equations on the uni-
form grid. To compute the spatial derivatives at interior grid points
away from the boundaries, we employ the nondissipative, sixth-
order compact scheme of Lele.11 For the boundary points, we use
the third-order, one-sided compact scheme, and for the points next
to the boundaries,we use the fourth-ordercentral compact scheme.

Spatial � ltering can be used as a means of suppressing unwanted
numerical instabilities that can arise from the boundary conditions,
unresolvedscales, and mesh nonuniformities.In our study, we con-
sidered the following sixth-order, tridiagonal � lter used by Visbal
and Gaitonde12:

® f
Ofi ¡ 1 C Ofi C ® f

Ofi C 1 D
3X
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where

a0 D 11=16 C 5® f =8; a1 D 15=32 C 17® f =16

a2 D ¡3=16 C 3® f =8; a3 D 1=32 ¡ ® f =16 (5)

The parameter ® f must satisfy the inequality ¡0:5 < ® f < 0:5. A
less dissipative � lter is obtained with higher values of ® f within the
given range. With ® f D 0:5, there is no � ltering effect.

The standard fourth-order explicit Runge–Kutta scheme is used
for time advancement.We applyTam and Dong’s three-dimensional
radiation and out� ow boundary conditions (see Ref. 13) on the
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Fig. 1 Schematic of the boundary conditions.

boundariesof the computationaldomain as illustrated in Fig. 1. We
additionally use the sponge zone method13 in which grid stretching
and arti� cial damping are applied to dissipate the vortices present
in the � ow� eld before they hit the out� ow boundary. This way,
unwanted re� ections from the out� ow boundary are suppressed.
The in� ow boundary is responsible for both allowing outgoing
acoustic waves to leave the domain as well as generating distur-
bances that trigger the growth of instabilities in the � ow� eld. For
the in� ow boundary conditions, we apply a procedure based on
characteristics.4 The forcing procedure that mimics the inlet turbu-
lence is described next.

Results
We show results for a turbulent round jet at a Mach number of

0.9 and Reynolds number ReD D ½ j U j D j =¹ j D 3:6 £ 104, where
½ j , U j , and ¹ j are the jet centerline density, velocity, and viscos-
ity at the nozzle exit, respectively, and D j is the jet diameter. The
ratio of the jet centerline density to the ambient density was cho-
sen as 0.86. The stretched Cartesian grid used in this test case had
350 £ 128 £ 128 points in the x , y, and z directions, respectively.
Our domain extends to about 45ro in the streamwise direction and
from ¡15ro to 15ro in the transverse y and z directions, where
ro D D j =2 is the jet radius. The grid has almost 6 million grid points
total. It should be noted here that the LES of Constantinescu and
Lele3 that produced good results for a Reynolds number 7:2 £ 104

jet used a grid consisting of 3.9 million points. Their cylindrical
domain extended 60ro in the streamwise direction and 11ro in the
radial direction. Furthermore, the sponge layers of the grid used by
Constantinescuand Lele3 consisted of 20% of their total number of
grid points, whereas our sponge layer consisted of only 8.5% of the
total number of grid points. After doing a careful comparisonof our
grid with the grid used by Constantinescu and Lele,3 it was deter-
mined that the grid resolution in our test case is more than enough
for a Reynolds number 3:6 £ 104 jet. The in� ow velocity pro� le in
our simulation is speci� ed as a hyperbolic tangent top-hat pro� le. It
should be noted here that because a Cartesian grid is used, the shear
layer resolutionis not the same at all azimuthal locations.However,
the averagenumberof gridpoints in the initial jet shear layer is about
eight, which has been found to be suf� cient to accurately resolve
the shear layer.

For the in� ow forcing in this test case,we applied the samekindof
forcing used by Constantinescuand Lele3 in their LES calculations.
In this forcing, time-harmonic� uctuationsare imposed on the mean
streamwise velocity on the in� ow boundary as follows:

vx .r/ D 1
2
Uof1 ¡ tanh[b.r=ro ¡ ro=r /]g[1 C ® sin.2¼Sr t/] (6)

where the Strouhal number Sr D 2ro f=Uo is 0.9, ro is the jet radius,
Uo is the mean jet centerline velocity on the in� ow boundary, f
is the frequency of the perturbations, b D 3:125 is the shear layer
thicknessparameter,and the amplitudeof the sinusoidaloscillations
® is 0.005. Randomly generated perturbations are applied on the
azimuthal velocity component using the following equation:

v 0
µ .r; µ/ D 0:025Uo² exp

£
¡3.1 ¡ r=ro/2

¤
(7)

where ² is a random number between ¡0:5 and 0:5. The mean
azimuthal velocity on the in� ow boundary is zero. The exponential

function in Eq. (7) localizes the perturbationswithin the shear layer
region only.

We did two runs for this test case and looked at the effect of
varying the Smagorinsky constant. The Smagorinsky constant was
chosen as 0.018 and 0.019 in the � rst and second simulations,
respectively. The compressibility correction constant C I was set
to 0.0066, the � ltering parameter was chosen as ® f D 0:49, and all
other parameters were kept the same for both simulations. Using
128 processorson an IBM-SP computer, 3 days of computing time
was needed for a full simulation. We also did a Kolmogorov length
scale analysis and determined that our coarsest grid resolution for
this Reynolds number was between 50 and 60 times the local Kol-
mogorov length scale.

We compare some of our mean � ow results obtained in the two
simulations with each other as well as with the experimental data
of Hussein et al.14 for an incompressible jet at ReD D 9:55 £ 104

and that of Panchapakesanand Lumley15 for an incompressible jet
at ReD D 1:1 £ 104 . The convective Mach number of the jet � ow at
the x D 25ro downstream location is about 0.2 and gets smaller for
locationsfarther downstream.Owing to these low Mach numbers in
the far-downstreamregion of the jet, the compressibilityeffects can
be assumednegligible.Therefore,it is safe to compareour pro� les in
the far-downstreamregion with incompressible experimental data.

Using the mean streamwise velocity data, we � rst looked at the
streamwise variation of the inverse of the mean centerline velocity
normalized by the jet in� ow velocity. The potential core of the jet
breaks up at around x D 14ro in both simulations.After transition to
turbulence,we obtaineda lineargrowth that is consistentwith exper-
imental observations.Half of the inverse of this line’s slope is equal
to the jet decay coef� cient, which was found to be approximately
5.0 for the simulation with C D 0:018. Experimental values of the
jet decay coef� cient are in between 5.4 and 6.1. Our computed jet
spreadingrate in this simulation,on the other hand, was found to be
0.106. The jet spreading rate is the slope of the linear growth of the
half-velocity radius in the fully turbulent region. The half-velocity
radius is de� ned as the radial location where the mean streamwise
velocity is half of the mean centerline streamwise velocity at that
axial location. Experimental values for the jet spreading rate range
from 0.086 to 0.096.So with C D 0:018, we see that our jet opensup
more than experimental jets because it has a low decay coef� cient
and a high spreading rate.

In the second simulation, in which a slightly larger Smagorinsky
constant,C D 0:019,was used,we got a jet decaycoef� cientof 5.76,
which is well within the range of experimental observations. The
jet decay coef� cient obtained with C D 0:018 was 5.0, a bit smaller
than the lower limit of experimentaldata. The reason for this differ-
ence is believed to be the fact that with a higher Smagorinskymodel
constant, the jet loses more of its energy into dissipation and does
not have as much energy left to spread out. Furthermore, with an
increasing jet decay coef� cient, the jet spreading rate gets smaller.
This is justi� ed by the fact that a jet spreading rate of 0.106 is ob-
tained with C D 0:018, whereas a value of 0.086 is obtained with
C D 0:019. Hence, the jet decay coef� cient as well as the jet spread-
ing rate are directly affected by the Smagorinsky model constant.
For a 5.56% increase in the model constant, the jet decay coef� cient
increases by 15.20%, whereas the jet spreading rate decreases by
18.87%.

Figure 2 shows the computed Reynolds shear stress ¾rx pro� les
from the two simulationsand compares them with the experimental
data. The normalized Reynolds shear stress in cylindrical coordi-
nates is de� ned as ¾r x D v0

r v0
x =U 2

c , where v 0
x and v 0

r are the axial and
radial componentsof the � uctuating velocity, respectively,Uc is the
mean jet centerlinevelocityat a givenaxial location,and the overbar
denotes time averaging. In the Reynolds stress plot, the similarity
coordinate is chosen as r=r1=2, where r is the radial locationand r1=2

is the half-velocity radius at a given downstream location.
The Reynolds shear stress pro� les at the two downstream loca-

tions in both simulationsdemonstrateself-similarity,consistentwith
experiment. However, even though the simulation with C D 0:019
produced a jet decay coef� cient and a jet spreading rate in good
agreementwith experiment,we see that the Reynolds stress pro� les
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Fig. 2 Normalized Reynolds stress ¾rx pro� les and comparison with
experiments.

in the second simulation have signi� cantly changed relative to the
ones obtained in the � rst simulationdonewith C D 0:018. This must
be due to the too dissipative nature of the Smagorinsky model. Al-
though not shown here, similar discrepancies were observed in the
other Reynolds stress components as well. The Reynolds stresses
differ as much as 20% for a 5.56% change in the model constant.

We also looked at the effect of the Smagorinskyconstanton tran-
sition in the shear layer. It was found that the constant did not have
much in� uenceon the level of disturbancesin the shear layer.This is
also evident from the fact that the jet potential core breaks up at ap-
proximatelythe same locationin both simulations.The main � nding
from these simulations suggests that the value of the Smagorinsky
constant has a much stronger in� uence on the turbulence down-
stream where the jet is fully turbulent.

Conclusions
Our � ndings in this study show some of the dif� culties of using

the classical Smagorinsky model as a predictive tool in turbulence
simulationsbecause the mean � ow propertiesof our jets were found
to be highly sensitive to the value of the model constants used in
the computations. We believe that noise calculations will also be
affected by the choice of the Smagorinsky constant. This leads us
to the conclusion that one usually has no choice but to use a more
robust and accuratedynamic subgrid-scalemodel in order to be able
to do predictions using LES.
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